We establish a novel methodology to explain the complex macroscopic behavior of dispersion in porous media as a function of Peclet number, Pe, which is ratio of advective to diffusive time-scales at the pore scale. The work combines pore-scale network modeling, continuous time random walk theory and analysis of experiment. We provide a physicallybased explanation for the macroscopic behavior of dispersion in porous media as a function of Pe using a pore-network model representing Berea sandstone that accurately predicts the experimental dependence of the longitudinal dispersion coefficient, D L , on Pe. We distinguish all the dispersion regimes, including the diffusive regime, the transition regime at low Pe, as well as the power-law dispersion and the mechanical dispersion regime at high Pe. We can predict the dependence of dispersion on time, Pe and pore structure.
Introduction
Solute transport in consolidated rocks is of central importance in tracer studies in oil recovery, the remediation of contaminated groundwater, and radioactive waste disposal. In addition, solute mass transfer in beds of unconsolidated particles arises as an essential issue in the design of many industrial devices used for adsorption, chromatography, ion exchange, leaching and heterogeneous catalysis. Prediction of transport properties in both consolidated and unconsolidated porous media is difficult due to highly complex geometry of the porous matrix. Solute must be transported throughout the porous medium for a time or length sufficiently large to allow for a full sampling of the flow field heterogeneity before the dispersion coefficient can reach an asymptotic value and the spreading becomes purely Gaussian. If these conditions are not satisfied, solute undergoes spreading in a pre-asymptotic regime for which the dispersion coefficient increases with time and the average distance traveled [1] [2] [3] [4] [5] [6] . Furthermore, the behavior of the asymptotic dispersion coefficient as a function of Peclet number (Pe = uL/D m , where u is the average flow speed, L is a characteristic length -the inter-pore distance or grain diameter -and D m is the molecular diffusion coefficient) is surprisingly rich 4, [6] [7] [8] [9] [10] [11] . The longitudinal dispersion coefficient, D L , is lower than D m for Pe 1 due to restricted diffusion imposed by the solid phase. With both diffusion and advection present (Pe > 1), there is a transition region to a power-law or boundary layer regime 4 where δ Pe D L~ with δ 1.2 for experiments in beadpacks, sandpacks and homogeneous sandstones 4, 6, 7 . For Pe > 400 there is a cross-over to a purely advective, mechanical dispersion regime 4, 6, 7 with Pe D L~. The transverse dispersion coefficient, D T , is lower than D L and typically scales approximately linearly with Pe 4, 12 . Despite numerous experimental and theoretical studies there is lack of fundamental understanding of how pore structure controls dispersion. In particular, there is no explanation of why an exponent δ = 1.2 is obtained for intermediate Pe and why there is a transition to a linear regime at higher Pe.
When tracer particles are injected into a porous medium, Fig. 1 , they will be transported by advection and diffusion throughout the complex pore space. The particles will encounter mixing due to random hopping between streamlines within channels (a), due to mixing at pore intersections (b), and due to diffusion-like mixing at low velocity regions (c). The macroscopic spread of the particles (of which dispersion coefficient is a standard measure) will ultimately be controlled by the time they spend in the low velocity regions. In a breakthrough experiment this is seen as long tailing of the concentration versus time curves measured at the outlet. This tailing cannot be described accurately with a traditional advection-dispersion equation (ADE) without introducing additional terms. In contrast, probabilistic theories, such as continouos time random walk (CTRW) accurately describe the long time tracer behavior at macroscopic boundaries with parameters accounting for diffusion, advection and porous medium structural heterogeneity.
One can think a step further and pose a fundamental question: can one describe the mixing processes in a porous medium at the scale at which they occur? In other words, apart from having functions for analyzing the outlet concentration can one characterize the pore-scale structure-transport relationship? We propose a new function that is a measure of the transit times that particles spend when moving between neighboring pores. This is the crux of the new methodology we introduce: we define ψ(t)dt as the probability that a particle just arrived at a pore will subsequently first reach a nearest neighbor pore in a time interval t to t + dt. We show how this function can be used to explain the complex dependence of macroscopic dispersion coefficient on Pe. A very suitable tool for studying the transit times between pores is network modeling since the pore structure is well defined.
Description of the pore-scale model
We use a network model to represent the porous medium and describe flow (Stokes equation) and diffusion (random walk method) at the pore scale (~µm) to compute the longitudinal dispersion coefficient at a larger scale (~cm to ~m). In pore network modeling, the porous medium is represented conceptually as a lattice of pores connected by throats. Each pore and throat is assigned an idealized geometry -here a cylinder with a square cross-section, thus allowing for the flow field within each throat to be defined analytically. This allows a computationally efficient study of combined advectiondiffusion in large porous systems. Another approach is to simulate transport directly on a three-dimensional voxel representation of the porous medium, where the flow field is obtained by the Lattice-Boltzmann technique. Using this approach the dispersion coefficient as a function of Peclet number was predicted successfully when the pore structure was relatively simple with little pore-scale heterogeneity 13 . Network models have been used for dispersion studies in porous media 4, 14 . However, to date a very few dispersion studies have been performed on a network with geologically representative properties describing the pore space. We represent the rock structure by mapping the pore network properties obtained by modeling the formation process by which the porous media, in this case Berea sandstone, were made 15 . We introduce physically sound rules to transport particles across the pore junctions that discriminate between the particles movements by advection and diffusion.
The algorithm for describing flow of a non-reactive tracer in porous media is: 1. Represent the porous medium with a network of pores and throats; 2. Calculate the mean velocity in each throat by invoking volume balance at each pore; 3. Use an analytic solution to determine the velocity profile in each throat; 4. Inject particles into the network; 5. In each time step move particles in throats by advection and then diffusion; 6. At the throat walls use no-slip boundary conditions for advection and bounce-back boundary conditions for diffusion; 7. Impose rules for mixing at junctions (pores); 8. From the equilibrium probability distribution of particles in the network obtain the asymptotic dispersion coefficient.
We will briefly describe the most important features for understanding the model i.e. steps 1, 3, 4, 7 and 8. For a more detailed model description refer to our previous study 6 .
Step 1 We represent the porous medium by mapping the pore-scale network obtained from reconstructed Berea sandstone 15 ( Fig. 2) to a two-dimensional diamond lattice of 60 by 60 pores consisting of 7320 throats of square crosssection. The mean throat radius is ~10µm, the average throat length is ~100µm, while the length of the network L n in the flow direction and transverse to the flow direction is ~ 6mm. We use periodic boundary conditions that allow us to follow particle trajectories in the networks much larger than the L n value above.
Step 3 An analytical solution for the Stokes flow in the throats of square cross-section defined by plane yz is 16 :
where Q is the volumetric flow rate and a is the inscribed radius of the square throat.
Step 4 Particles are injected simultaneously across the network so that their distribution is uniform in the direction transverse to the mean flow (when studying longitudinal dispersion) or is uniform in the flow direction (for transverse dispersion).
Step 7 Since this is a study spanning a broad range of Pe we use both streamtube routing and complete mixing as the two limiting fluid mixing behaviors at pore junctions at large Pe and small Pe respectively. When a particle enters a pore in advective step we assign the outgoing throat according to the flow rate-weighted rule, that is the probability that the particle ends in a certain outgoing throat is proportional to the flow rate in the individual outgoing throat. When a particle enters a pore from a throat in diffusive step we assign the new throat according to an area-weighted rule, that is the probability that the particle enters a new throat is proportional to the crosssectional area of the individual throat i (that can be the old throat, too).
Step 8 
Interpretation using continuous time random walk theory Solute transport can be described as a continuous time random walk (CTRW) [17] [18] [19] . Conceptually we can view transport as a series of steps as the solute moves between pores. Define ψ(t)dt as the probability that a particle just arrived at a pore will subsequently first reach a nearest neighbor pore in a time increment t to t + dt. Dentz where β is a parameter characterizing the porous medium heterogeneity. The constant A is fixed by normalizing the probability to 1. Using Eq. (3) and CTRW analytical expressions for the movement of solute and the resultant dispersion coefficients can be derived that accurately match results of both field and laboratory-scale measurements 19, 20 using an appropriate value of β . In this paper we apply CTRW to transport at the pore scale and provide a physical interpretation of t 1 , t 2 and β.
In CTRW ψ(t) is the probability for a jump occurring; in this work we give a physical interpretation for the distance across which this jump occurs, namely between neighboring pores. This conceptualization allows us to relate ψ(t) to the macroscopic dispersion coefficient and to explain physically the dependence of D L on Pe.
Results
We first present a comparison of both longitudinal and transverse asymptotic dispersion coefficients obtained from the pore scale network model with experimental results in the literature. We show how our assumed truncated power-law probability function ψ, Eq. 
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The model results for transverse dispersion (lower solid line in Fig. 3 For longitudinal dispersion, in the absence of advection (the low Peclet number regime), molecular diffusion is the only mechanism of fluid mixing. This diffusion is restricted as the porous medium matrix acts as a barrier to molecules, thus reducing the mean free path of molecules, which results in the ratio D L /D m being smaller than unity. The restricted diffusion 4,7 is described by the reciprocal value of the product of formation factor and porosity 1 / (Fε). We obtain 1/(Fε)=0.25, which is in the range obtained by either conductivity or MRI measurements for sandstones, including Berea sandstone 9, [23] [24] [25] . The first effects of advection on the dispersion are observed at Pe=0.1. This is the point where the so-called transition regime starts, in which both diffusion and advection have an impact on mixing. At Pe=10 advection starts to have a much more pronounced contribution on mixing. The particles are flowing fast through the throats but still have enough time to sample some of the low velocity regions near the walls. The best fit of our results in the regime 10 < Pe < 400 for δ Pe D L~ has δ L = 1.2, which agrees well with the results of a compilation study by Pfannkuch 7 on unconsolidated media. In the mechanical dispersion regime (for Pe > 400) we obtain a linear dependence of longitudinal dispersion coefficient with Peclet number. This is a purely advectivedominated dispersion regime in which particles in the throats do not spend sufficiently long to allow them to move significantly by molecular diffusion. The agreement with Pfannkuch's compilation of experimental data 7 and the MRI study by Khrapitchev and Callaghan 11 in this regime is very good.
The magnitude of transverse dispersion is much smaller than the longitudinal dispersion. The predictions are in good agreement with the large body of experimental data 1, 11, 21, 26, 28 shown in Fig. 3 . The magnitude of the transverse dispersion from the model is higher than the experimental results by a factor of about two. This could be due to the fact that the model does not take into account the fact that the spread of particles in three dimensions is reduced. This is an issue we are currently investigating. Interestingly, our model shows that for transverse dispersion the power law coefficient in the boundary layer regime slightly decreases after Pe > 400 (δ Τ = 0.89), which marks the beginning of purely advectivedominated dispersion regime. This is a feature that is not discriminated from the experiments.
Transit time probability, ψ ψ ψ ψ(t), dependence on Pe. We use the network model to compute the transit time probability ψ(t)
as a function of Pe and match it using Eq. (3). We estimate t 1 and t 2 in Eq. (3) using physical principles. t 1 is an average advective transit time defined by L/u, where u is the mean flow speed in the throats and L is the throat length. t 2 is the late-time cut-off governed by the time necessary for a particle to diffuse between pores, which is t 2 =L 2 /2D m . In Fig. 4 4, using β = 1.8 and hence δ = 3-β = 1.2.
Discussion and Conclusions
A comprehensive comparative study of longitudinal and transverse dispersion with experiments in consolidated and unconsolidated media indicated that the network model can successfully predict the asymptotic macroscopic dispersion coefficients over a broad range of Peclet numbers, 5 10 0 < < Pe . The model is able to distinguish all dispersion regimes (restricted diffusion, transition, power-law and mechanical dispersion regimes) for both longitudinal and transverse dispersion.
The behavior associated with the spreading of solute in a porous medium has a simple physical explanation: the heterogeneity of the pore space leads to a variation in typical flow speeds, leading, when advection dominates at the pore scale -Pe >>1 -to an approximately power-law distribution of pore-to-pore travel times. The exponent β is related to the heterogeneity of the medium 19 -more heterogeneous media will have a lower value of β. Dispersion is controlled by transport in throats with low velocities whose local Peclet numbers are small and hence where movement is diffusion controlled for Pe < Pe crit . For Pe > Pe crit , the effect of diffusion is confined to a very small proportion of throats and dispersion is largely mechanical with Pe D L~. This work implies that a description of dispersion in porous media using a conventional time-independent dispersion coefficient is unlikely to be appropriate: we have shown that the asympototic dispersion coefficient is only reached after the solute has traveled hundreds or thousands of throat lengths. Heterogeneity at larger scales will mean that the dispersion coefficient is unlikely ever to reach an asymptotic value, indicating that a traditional advectiondispersion equation approach to tracer transport is invalid for media with realistic heterogeneity. However, a formulation of the transport using CTRW is able to quantify the transport behavior accurately.
